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Îñíîâíûå ïîíÿòèÿ è îáîçíà÷åíèÿ
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�ðà�: Γ ⊂ R
2;

γi � ðåáðà ãðà�à, E(Γ) =
⋃

i

γi; a, b � âåðøèíû ãðà�à;
∂Γ � ìíîæåñòâî ãðàíè÷íûõ âåðøèí ãðà�à Γ;
J(Γ) � ìíîæåñòâî âíóòðåííèõ âåðøèí;
I(a) � ìíîæåñòâî èíäåêñîâ âñåõ ðåáåð, ïðèìûêàþùèõ ê âåðøèíå a.



Ôóíêöèÿ íà ãðà�åÔóíêöèÿ íà ãðà�å: u : Γ → R, ui � ñóæåíèå �óíêöèè u íà ðåáðî γi.
C[Γ] = {u : Γ → R | ui ðàâíîìåðíî íåïðåðûâíà ∀γi ⊂ E(Γ)};

C[E(Γ)] = {u : E(Γ) → R | ui ðàâíîìåðíî íåïðåðûâíà ∀γi ⊂ E(Γ)}.Ïóñòü a � ïðîèçâîëüíàÿ âåðøèíà (ãðàíè÷íàÿ èëè âíóòðåííÿÿ) è i ∈ I(a).Åñëè �óíêöèÿ u(x) ðàâíîìåðíî íåïðåðûâíà íà êàæäîì ðåáðå γi ⊂ E(Γ),òî ïîëàãàåì ui(a) := lim
γi∋x→a

ui(x).
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Äè��åðåíöèàëüíîå óðàâíåíèå íà ãðà�åÏîä äè��åðåíöèàëüíûì óðàâíåíèì íà ãðà�å Lu = f(x), x ∈ Γ, ïîíè-ìàåòñÿ
• ñèñòåìà óðàâíåíèé íà ðåáðàõ γ ⊂ E(Γ);
• óñëîâèÿ òðàíñìèññèè â êàæäîé óçëîâîé âåðøèíå c ∈ J(Γ).
Êðàåâàÿ çàäà÷à íà ãðà�å � ýòî äè��åðåíöèàëüíîå óðàâíåíèå íà ãðà-�å, äîïîëíåííîå óñëîâèÿìè íà ãðàíèöå ãðà�à.



Îñíîâíûå íàïðàâëåíèÿ èññëåäîâàíèé óðàâíåíèé 4-ãî ïîðÿä-êà íà ãðà�àõ1. Çàäà÷è (ãðàíè÷íîé è âíóòðåííåé) óïðàâëÿåìîñòè (stability, observabilityand ontrollability);2. Ñïåêòðàëüíûå çàäà÷è ïðÿìûå (àñèìïòîòèêà, ïîëíîòà è áàçèñíîñòü) èîáðàòíûå (âîññòàíîâëåíèå îïåðàòîðà èëè ñòðóêòóðû ãðà�à);3. Êà÷åñòâåííàÿ òåîðèÿ (�óíêöèÿ �ðèíà, ïîëîæèòåëüíûå ðåøåíèÿ, íåîñ-öèëëÿöèÿ, îñöèëëÿöèîííûå ñâîéñòâà).4. Íåëèíåéíûå óðàâíåíèÿ.



Äè��åðåíöèàëüíîå óðàâíåíèå äëÿ ñòåðæíåâûõ ñèñòåì�àññìàòðèâàåòñÿ óðàâíåíèå, âîçíèêàþùåå ïðè ìîäåëèðîâàíèè äå�îð-ìàöèé ïëîñêèõ ñòåðæíåâûõ ñèñòåì:
• óðàâíåíèÿ íà ðåáðàõ

(pi(x)u
′′
i )

′′ = fi(x, ui, u
′′
i ), x ∈ γi ∈ E(Γ),

• óñëîâèÿ òðàíñìèññèè â êàæäîé óçëîâîé âåðøèíå a ∈ J(Γ), îïèñû-âàþùèå ñïîñîá ñîåäèíåíèÿ ñòåðæíåé.



Óñëîâèÿ δ-òèïàÂ âåðøèíå a ∈ J(Γ) íàêëàäûâàåì óñëîâèÿ íà ñìåùåíèÿ è èçãèáàþùèåìîìåíòû: ïåðåìåùåíèÿ âñåõ ñîåäèíÿåìûõ ðåáåð íåïðåðûâíû, à èçãèáà-þùèå ìîìåíòû çíàêîñîãëàñîâàíû1:
ui(a) = uk(a), i, k ∈ I(a),

(pu′′)i(a) = αi(a)(pu
′′)k(a),

∑

i∈I(a)

αi(a)u
′
i(a) = 0, αi(a) > 0,

∑

i∈I(a)

(pu′′)′i(a) = f(a, uk(a), u
′′
k(a)), a ∈ J(Γ).Òðåòüå óñëîâèå � ãåîìåòðè÷åñêîå óñëîâèå, à ïîñëåäíåå � óñëîâèå äèíà-ìè÷åñêîãî ðàâíîâåñèÿ.1B. Dekonink, S. Niase, Control of networks of Euler-Bernoulli beams. ESAIM: Control, Optimisation andCalulus of Variations (1999);D. Merier, V. R�egnier, Spetrum of a network of Euler-Bernoulli beams. J. Math. Anal. Appl., (2008).G. Xu and N. Mastorakis, Di�erential equations on metri graph. Wseas Press, (2010)K. Ammari, F. Shel, Stability of a tree-shaped network of strings and beams. Mathematial Methods in the AppliedSienes, (2018).



Óñëîâèÿ æåñòêîãî ñîåäèíåíèÿ ñòåðæíåé

γi

γj

γk

Θkj

Θij
Θki

Îáîçíà÷èì ÷åðåç θis� óãîë ìåæäó îñåâûìè ëèíèÿìè i�ãî è s�ãî ñòåðæ-íåé, ïðèìûêàþùèõ ê âåðøèíå a ∈ J(Γ). Òàê êàê äëÿ ëþáîãî i ∈

I(a) \ {j, k} âåêòîðû u′i(a), u′j(a) è u′k(a) ëåæàò â îäíîé ïëîñêîñòè, òîóñëîâèå êîìïëàíàðíîñòè ýòèõ âåêòîðîâ èìååò âèä
sin θkju

′
i(a) + sin θiju

′
k(a) + sin θkiu

′
j(a) = 0.



Óñëîâèÿ æåñòêîãî ñîåäèíåíèÿ òðåõ ñòåðæíåéÂ ñëó÷àå, êîãäà |I(a)| = 3 ∀a ∈ J(Γ), ìû èìååì ñëåäóþùèé íàáîð èçøåñòè óñëîâèé ñîãëàñîâàíèÿ2






















ui(a) = uj(a) = uk(a),

(pu′′)i(a) = αi(a)(pu
′′)k(a), (pu′′)j(a) = αj(a)(pu

′′)k(a),

αi(a)u
′
i(a) + αj(a)u

′
j(a) + u′k(a) = 0,

(pu′′)′i(a) + (pu′′)′j(a) + (pu′′)′k(a) = f(a, uk(a), u
′′
k(a)).

2M. Ettehad, On the Spetra of Periodi Elasti Beam Latties: Single-Layer Graph, (2022)



Óñëîâèÿ äëÿ óïðóãî îïåðòîãî ñòåðæíÿÅñëè â íåêîòîðîé òî÷êå ñòåðæíÿ èìååòñÿ ñîñðåäîòî÷åííîå âëèÿíèå (íà-ïðèìåð, óïðóãàÿ îïîðà), òî ìîæíî ñ÷èòàòü ýòó òî÷êó âíóòðåííåé âåðøè-íîé a ∈ J(Γ), îáðàçîâàííîé â ðåçóëüòàòå ñîåäèíåíèÿ äâóõ ðåáåð γi è γk.Â ýòîì ñëó÷àå αi(a) = 1 è óñëîâèÿ òðàíñìèññèè ïðèíèìàþò âèä:






















ui(a) = uk(a),

u′i(a) + u′k(a) = 0,

(pu′′)i(a) = (pu′′)k(a),

(piu
′′
i )

′(a) + (pku
′′
k)

′(a) = f(a, uk(a), u
′′
k(a)).



Íåëèíåéíàÿ êðàåâàÿ çàäà÷à ñ óñëîâèÿìè òðàíñìèññèè δ-òèïàÈçó÷àåòñÿ âîïðîñ î ñóùåñòâîâàíèè ðåøåíèÿ íåëèíåéíîé êðàåâîé çàäà÷è÷åòâåðòîãî ïîðÿäêà
(p(x)u′′)′′ = f(x, u, u′′), x ∈ Γ,

u|∂Γ = u′′|∂Γ = 0,Â êàæäîé âåðøèíå óçëîâîé a ∈ J(Γ) íàêëàäûâàþòñÿ óñëîâèÿ òðàíñ-ìèññèè δ-òèïà.Çäåñü ïîëàãàåì, ÷òî �óíêöèÿ f : Γ× R× R → R íåïðåðûâíà.



Íåëèíåéíàÿ êðàåâàÿ çàäà÷àÎäíèìè èç îñíîâíûõ èíñòðóìåíòîâ íåëèíåéíîãî àíàëèçà, ïðåäíàçíà÷åí-íûõ äëÿ èçó÷åíèÿ òàêîãî òèïà çàäà÷, ÿâëÿþòñÿ:
• ìåòîä íèæíèõ è âåðõíèõ ðåøåíèé;
• ìåòîä ìîíîòîííûõ èòåðàöèé;
• òåîðåìà Êðàñíîñåëüñêîãî î íåïîäâèæíîé òî÷êå;
• òåîðåìà Ëåðå-Øàóäåðà.



Ëèíåéíàÿ êðàåâàÿ çàäà÷à ñ óñëîâèÿìè òðàíñìèññèè δ-òèïà�àññìàòðèâàåòñÿ ëèíåéíûé äè��åðåíöèàëüíûé îïåðàòîð L0, ïîðîæäà-åìûé ëèíåéíûì óðàâíåíèåì
(p(x)u′′)′′ = h(x), x ∈ E(Γ),

ui(a) = uk(a), (pu′′)i(a) = αi(a)(pu
′′)k(a), i, k ∈ I(a);

∑

i∈I(a)

αi(a)u
′
i(a) = 0,

∑

i∈I(a)

(pu′′)′i(a) = h(a), a ∈ J(Γ),ñ ãðàíè÷íûìè óñëîâèÿìè
u|∂Γ = u′′|∂Γ = 0.Êðàòêî äàííóþ ëèíåéíóþ çàäà÷ó ìîæíî çàïèñàòü â âèäå

L0u = h(x), x ∈ Γ, u|∂Γ = u′′|∂Γ = 0, (LP)à èñõîäíàÿ íåëèíåéíàÿ çàäà÷à òîãäà çàïèøåòñÿ â âèäå
L0u = f(x, u, u′′), x ∈ Γ, u|∂Γ = u′′|∂Γ = 0. (NP)



Ïîëîæèòåëüíàÿ îáðàòèìîñòü è ïðèíöèï ìàêñèìóìàÍåëèíåéíûé èíòåãðàëüíûé îïåðàòîð �àììåðøòåéíà
Gu(x) =

∫

Γ

G(x, s)f(s, u(s), u′′(s))ds,ãäå G(x, s) � �óíêöèÿ �ðèíà ëèíåéíîãî îïåðàòîðà L0.Òîãäà íåëèíåéíàÿ êðàåâàÿ çàäà÷à (NP) ýêâèâàëåíòíà çàäà÷å
u = Gu.



Ïîëîæèòåëüíàÿ îáðàòèìîñòü è ïðèíöèï ìàêñèìóìàÒåîðåìà 1 Äëÿ ëþáîé �óíêöèè h ∈ C[Γ] äè��åðåíöèàëüíûé îïåðà-òîð L0 îáðàòèì, à åãî �óíêöèÿ �ðèíà G(x, s) ïîëîæèòåëüíà íà Γ× Γ.Òåîðåìà 2 (ïðèíöèï ìàêñèìóìà) Âñÿêîå íåòðèâèàëüíîå ðåøåíèå êðà-åâîé çàäà÷è
L0u ≥ 0, u|∂Γ ≥ 0, u′′|∂Γ ≤ 0,ïîëîæèòåëüíî íà ãðà�å Γ.



Ñóùåñòâîâàíèå ðåøåíèÿÎïðåäåëåíèå 1. Ôóíêöèÿ α ∈ C4[Γ] íàçûâàåòñÿ íèæíèì ðåøåíè-åì çàäà÷è (NP), åñëè
L0α ≤ f(x, α, α′′), x ∈ Γ, α|∂Γ ≤ 0, α′′|∂Γ ≥ 0.

Îïðåäåëåíèå 2. Ôóíêöèÿ β ∈ C4[Γ] íàçûâàåòñÿ âåðõíèì ðåøå-íèåì çàäà÷è (NP), åñëè
L0β ≥ f(x, β, β′′), x ∈ Γ, β|∂Γ ≥ 0, β′′|∂Γ ≤ 0.



Ñóùåñòâîâàíèå ðåøåíèÿÒåîðåìà 3 3 Ïóñòü âûïîëíåíû ñëåäóþùèå óñëîâèÿ:(i) ñóùåñòâóþò α è β, âåðõíåå è íèæíåå ðåøåíèÿ, çàäà÷è (NP), óäî-âëåòâîðÿþùèå óñëîâèÿì
α(x) ≤ β(x), äëÿ âñåõ x ∈ Γ;

β′′(x) ≤ α′′(x) äëÿ âñåõ x ∈ E(Γ);(ii) f óäîâëåòâîðÿåò óñëîâèÿì
f(x, s, v)− f(x, t, v) ≤ 0 äëÿ α(x) ≤ s ≤ t ≤ β(x), v ∈ R, x ∈ Γ,

f(x, u, s)−f(x, u, t) ≥ 0 äëÿ β′′(x) ≤ s ≤ t ≤ α′′(x), u ∈ R, x ∈ Γ.Òîãäà ñóùåñòâóþò äâå ìîíîòîííûå ïîñëåäîâàòåëüíîñòè {α[k]}
∞
k=0 è {β[k]}∞k=0,íåóáûâàþùàÿ è íåâîçðàñòàþùàÿ ñîîòâåòñòâåííî ñ α[0] = α è β[0] = β,êîòîðûå ñõîäÿòñÿ ðàâíîìåðíî ê ýêñòðåìàëüíûì ðåøåíèÿì çàäà÷è (NP)èç ïîðÿäêîâîãî îòðåçêà [α, β].3Êóëàåâ �.×., Óðòàåâà À.À. Î ñóùåñòâîâàíèè ðåøåíèÿ íåëèíåéíîé êðàåâîé çàäà÷è ÷åòâåðòîãî ïîðÿäêà íàãðà�å. Äè��åðåíö. óðàâíåíèÿ. (2023)



Ñóùåñòâîâàíèå ðåøåíèÿ â ñëó÷àå f(x, u, u′′) = f(x, u)�àññìàòðèâàåòñÿ îäíîðîäíîå ëèíåéíîå äè��åðåíöèàëüíîå óðàâíåíèå
Lru(x) = 0, x ∈ Γ,ïîðîæäàåìîå ñîîòíîøåíèÿìè

(p(x)u′′)′′ + r(x)u = 0, x ∈ E(Γ),

ui(a) = uk(a), (pu′′)i(a) = αi(a)(pu
′′)k(a), i, k ∈ I(a);

∑

i∈I(a)

αi(a)u
′
i(a) = 0,

∑

i∈I(a)

(pu′′)′i(a) + r(x)u = 0, a ∈ J(Γ).Äëÿ êàæäîé ãðàíè÷íîé âåðøèíû a ∈ ∂Γ ââåä¼ì â ðàññìîòðåíèå êðà-åâóþ çàäà÷ó
Lru(x) = 0, x ∈ Γ, u|∂Γ = u′′|∂Γ\a = 0, u′(a) = 1. (LPa)



Ñâîéñòâà ëèíåéíîãî îïåðàòîðà LrËåììà 1 Åñëè r(x) ≥ 0 íà Γ, òî äëÿ ëþáîé âåðøèíû a ∈ ∂Γ êðàåâàÿçàäà÷à (LPa) èìååò åäèíñòâåííîå ðåøåíèå va(x).Îïðåäåëåíèå 3. Îïåðàòîð Lr íàçîâ¼ì êâàçèíåîñöèëëèðóþùèì íàãðà�å Γ, åñëè äëÿ ëþáîé âåðøèíû a ∈ ∂Γ ñîîòâåòñòâóþùåå ðåøåíèå
va(x) ïîëîæèòåëüíî íà Γ è íàéäåòñÿ âåðøèíà a0 ∈ ∂Γ òàêàÿ, ÷òî ðåøå-íèå va0(x) èìååò òðîéíîé íóëü íà ∂Γ.Òåîðåìà 4 Ñóùåñòâóåò ÷èñëî R > 0 òàêîå, ÷òî ïðè r(x) ≡ R íà Γîïåðàòîð LR êâàçèíåîñöèëëèðóþùèé íà Γ.Òåîðåìà 5 Ïóñòü λ0 � âåäóùåå ñîáñòâåííîå çíà÷åíèå îïåðàòîðà L0.Îïåðàòîð Lr êðàåâîé çàäà÷è

Lru(x) = 0, u|∂Γ = u′′|∂Γ = 0,ïîëîæèòåëüíî îáðàòèì òîãäà è òîëüêî òîãäà, êîãäà −λ0 < r(x) ≤ Ríà Γ.



Ñóùåñòâîâàíèå ðåøåíèÿ â ñëó÷àå f(x, u, u′′) = f(x, u)�àññìàòðèâàåòñÿ êðàåâàÿ çàäà÷à
(p(x)u′′)′′ = f(x, u), x ∈ Γ, u|∂Γ = u′′|∂Γ = 0. (NP1)Òåîðåìà 6 (òåîðåìà ñóùåñòâîâàíèÿ) Ïóñòü âûïîëíåíû ñëåäó-þùèå óñëîâèÿ:(i) ñóùåñòâóþò α è β, âåðõíåå è íèæíåå ðåøåíèÿ, çàäà÷è (NP1), óäî-âëåòâîðÿþùèå óñëîâèþ

α(x) ≤ β(x) äëÿ âñåõ x ∈ Γ;(ii) f � íåïðåðûâíà è ñóùåñòâóåò �óíêöèÿ 0 ≤ r(x) ≤ R, x ∈ Γ, òàêàÿ,÷òî ïðè α(x) ≤ u ≤ β(x), x ∈ Γ, âûïîëíÿåòñÿ íåðàâåíñòâî
f(x, α(x)) + r(x)α(x) ≤ f(x, u) + r(x)u ≤ f(x, β(x)) + r(x)β.Òîãäà ñóùåñòâóåò ðåøåíèå çàäà÷è (NP1) èç ïîðÿäêîâîãî îòðåçêà [α, β].



ÑÏÀÑÈÁÎ ÇÀ ÂÍÈÌÀÍÈÅ!


